We provide necessary and sufficient conditions for the separability of mixed states. As a result we obtain a simple criterion of the separability for 2 x 2 and 2 x 3 systems. Here, the positivity of the partial transposition of a state is necessary and sufficient for its separability. However, this is not the case in general. Some examples of mixtures which demonstrate the utility of the criterion are considered.
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. Moreover, the separable two spin-i states with maximal entropies of the subsystems have been completely characterized in terms of the a-entropy inequalities [ 61. It is remarkable that there exist inseparable states which do not reveal nonclassical features under the entropic criterion [ I I] .
Then the fundamental problem of an "operational" characterization of the separable states arises. So far only some necessary conditions of separability have been found [ 6,7,10,1 1,131. An important step is due lo Peres [ 141, who has provided a very strong condition. Namely, he noticed that the separable states remain positive if subjected to partial transposition. Then he conjectured that this is also a sufficient condition.
In this Letter we present two necessary and sufficient conditions for separability of mixed states. It provides a complete. operational characterization of separable states for 2 x 2 and 2 x 3 systems. It appears that Peres' conjecture is valid for those cases. However, as we show in the Appendix, the conjecture is not valid in general. We also illustrate our results by means of some examples and discuss them in the context of the a-entropy inequalities.
To make our considerations clearer, we start from the following notation and definitions. We will deal with the states on the finite dimensional Hilbert space 'H = El @ ?-t~/2. An operator e acting on 'H is a state if Try = I and if it is a positive operator, i.e. is positive for all tz. Here M, stand for the set of the complex matrices tz x n and I is the identity map".
Thus the tensor product of a completely positive map and the identity maps positive operators into positive ones. It is remarkable that there are positive maps that do not possess this property. This fact is crucial for the problem we discuss here. Indeed, trivially, the product states are mapped into positive operators by the tensor product of a positive map and identity: (A 8 1)~ @ @ = (AQ) @ @ 3 0. Of course, the same holds for the separable states. Then our main idea is that this property of the separable states is essential, i.e., roughly speaking, if a state e is inseparable, then there exists a positive map A such that A @ f@ is ttot positive. This means that we can recognize the inseparable states by means of the positive maps. Now the point is that not all the positive maps can help us to determine whether a given state is inseparable. In fact, the completely positive maps do not "feel" the inseparability. Thus the problem of characterization of the set of the separable states reduces to the following: one should extract from the set of all positive maps some essential ones. As we will see further, this is possible in some cases. Namely, it appears that for the 2 x 2 and 2 x 3 systems the transposition is the only such map.
We will start from the following lemma. Proof From the definition of the set of separable states it follows that it is both convex and closed set in di 0 -AZ. Thus we can apply a theorem (conclusion from the Hahn-Banach theorem) [ 161 which, for our purposes, can be formulated as follows. If WI. Wz are convex closed sets in a real Banach space and one of them is compact, then there exists a continuous functional f and LY E R such that for all pairs ~1, t WI, w2 E Wz we have
This theorem says, in particular, that a closed convex set in the Banach space is completely described by the inequalities involving continuous functionals.
Noting that the one-element set is compact we obtain that there exists a real functional g on the real space A generated by Hermitian operators from dl @ dz such that
for all separable CT. It is a well-known fact that any continuous functional g on a Hilbert space can be represented by a vector from this space. As d is a (real) Hilbert space we obtain that the functional g can be represented as
where A = At. Now, if I stands for identity then for any states e, u one has obviously Tr(p1e) = Tr(p1a) = p. Thus it suffices only to take ti=A+l (8) to complete the proof of the lemma. The lemma allows us to prove the following theorem.
for any Hermitian operator A satisfying Tr(AP @ Q) 3 0, where P and Q are projections acting on Xi and ?f2, respectively.
Proof. If Q is separable then obviously it satisfies the condition (9). To prove the converse statement, suppose that e satisfies the condition (9) and is inseparable. Then, due to inseparability, it would be possible (on the strength of the lemma) to find some Hermitian operator A for which Tr(Ae) < 0, although Tr(Aa) 2 0 for any separable state g or, equivalently, for any product projector P @ Q, which is a contradiction. Remark 2. As the conclusion from the Hahn-Banach theorem is valid for any Banach space, our theorem can be generalized for infinitely dimensional Hilbert spaces. Namely, it can be seen that the condition is Tr Ap 3 0 for any bounded A such that Tr AP 63 Q > 0 for any projectors P and Q' .
A good example of a nontrivial operator which satisfies the condition (9) is the one used by Werner [ 71, defined on Cd 0 Cd by Vi$ ~3 4 = 4 $3 4. One can check that Tr VP @ Q = Tr PQ 3 0. This operator, together with its (Ii @ l/2 transformations, allowed us to characterize the set of separable states within the class of two spin-4 mixtures with maximal entropies of the subsystems [ 61.
Now the main task is to translate the above theorem into the language of positive maps. For this purpose we will use the isomorphism between the positive maps and operators which are positive on the product projectors.
Namely an arbitrarily established orthonormal basis in Al defines an isomorphic map S from the set of linear maps n : AI 4 A? into operators acting on 'Mr @X2,
L(dl,d2) hi-S(A)=xEi@A(Ei)
~d,@dz.
According to Ref.
[ 171 a transformation A E C(dI, d2) is positive iff S(n) is Hermitian and Tr(SfA) P @ Q) 3 0 for any projectors P E A1 and Q E AZ. Now, let us take as a basis in A1 the set of the operators {Pl,}~,!!lx' given by P,,;e, = 6,~e; for any established basis { el} in fll. Then the condition (9) is equivalent to the following one, On the basis of the above theorem one can characterize the set of the separable states for 2 x 2 and 2 x 3 systems. Namely we have Theorem 3. A state e acting on C* @ C* or C2 &; C' is separable iff its partial transposition is a positive operator.
Here the partial transposition erZ is given by eT2 = I @ TQ. The above theorem is an important result, as it allows us to determine unambiguously whether a given quantum state of a 2 x 2 (2 x 3) system can be written as a mixture of product states or not. It follows that for the considered cases Peres' conjecture is vu/id. Hence the necessary and sufficient condition is here surprisingly simple. However, we will see that this is not true in general. Namely, the positive maps [ 191 are characterized by the formula (17) only for the considered cases. In the Appendix we present the outline of the proof that the condition ~~2 3 0 is, in general, only a necessary one.
Examples. We will use the following notation for matrix elements of any state of M x N system (i.e. of any density matrix acting on CM @ CN space) (cf. Ref. In this case we have 
